ABSTRACT. The notion of commutativity of two normal states on a von Neumann algebra was defined some time ago by means of the Pedersen-Takesaki theorem. In this note we aim at generalizing this notion to an arbitrary number of states, and obtaining some results on so defined joint commutativity. Also relations between commutativity and broadcastability of states are investigated.
INTRODUCTION
Let ϕ and ω be normal faithful states on a von Neumann algebra. The celebrated Pedersen-Takesaki theorem defines commutativity of ϕ and ω in terms of their modular automorphism groups. If only ω is faithful then only commuting ϕ with ω is defined. We attempt to define joint commutativity of an arbitrary family of normal states which would generalize the one given by the Pedersen-Takesaki theorem. If the algebra in question is the full algebra B(H) of all bounded operators on a Hilbert space, then this joint commutativity amounts to the natural condition of commutativity of the density matrices of the states. Moreover, equivalence between pairwise commutativity as defined by the Pedersen-Takesaki theorem and the joint commutativity is obtained for a convex family of states.
The notion of broadcastability of states has become recently an object of growing interest in the field of Quantum Statistics and Quantum Information Theory (see e.g. [1, 2, 3, 4] ). It turns out that it is closely related to commutativity of states. Namely, in general von Neumann algebras broadcastability implies commutativity while in atomic von Neumann algebras the two notions are equivalent.
PRELIMINARIES
Let M be a σ-finite von Neumann algebra, let ω be a normal faithful state on M, and let ϕ be an arbitrary normal state on M. Let {σ ω t : t ∈ R} be the modular automorphism group associated with 
The centralizer M ω of ω is defined as
Let ω be a normal faithful state. For a positive bounded operator a we define the normal positive functional ω a on M by
In particular, if a ∈ M ω then a 1/2 ∈ M ω too, and we have
If A is a positive selfadjoint operator affiliated with M ω then we de-
(The point in the above definition is that the operators A(1 + εA) −1 are bounded and A(1 
The operators A(1 + εA) −1 (1 + A) −1 are bounded and converge strongly as ε → 0 to the bounded operator A(1 + A) −1 . Since
Thus we have obtained the formula
For a more thorough discussion of the above notions the reader is referred to [8 For A ⊂ B(H), by W * (A) we shall denote the von Neumann algebra generated by A, i.e. the smallest von Neumann algebra containing A.
COMMUTATIVITY OF STATES
Let us begin with a simple supplement to the Pedersen-Takesaki theorem which indicates a possible generalization of the notion of commutativity of states. This result seems to be known at least for faithful states, in any case it is mentioned without proof in [7, p. 165 
Let R be the von Neumann algebra generated by all u t . From the cocycle property u t+s = u t σ ω t (u s ) we obtain, taking into account equality (2), The notion of commutativity for two states has been defined with at least one of them being faithful, thus it is not clear how it can be generalized to a family of states which may contain also non-faithful elements, in which case the naturally-looking definition as pairwise commutativity fails. One possible attempt is presented below. As we shall see it agrees with a rather straightforward notion of commutativity for states on the algebra B(H) which can be defined simply as the commutativity of their density matrices.
Suppose that a normal state ϕ commutes with a faithful normal state ω. Then according to Theorem 1 we have ϕ = ω A for some positive selfadjoint operator A affiliated with M ω . Thus A may be considered as a "density matrix" of ϕ with respect to ω in a way similar to the one suggested by the relation ρ = tr D ρ for arbitrary normal state ρ, where D ρ is the customary density matrix of ρ, and tr is the canonical trace on B(H). Moreover, by [ 
. Pick a faithful state ω in Γ, and let ρ ∈ Γ be arbitrary. Since ρ commutes with ω we infer on account of Theorem 1 that {[Dρ : Dω] t : t ∈ R} forms a unitary group in s(ρ)M s(ρ). Consequently, using formula (3) we obtain for any 
ω , and since by virtue of the first part of the proof D ω commutes with D ρ and D ϕ , we obtain
(ii)=⇒(i). Let ω be an arbitrary faithful state in Γ. For arbitrary ρ, ϕ ∈ Γ the density matrices D ρ , D ϕ and D ω commute, which on account of relation (3) clearly gives the commutativity of the Connes cocycles, thus by virtue of Proposition 2 the commutativity of the states in Γ.
The theorem above can be generalized in the following way. Let M be a semifinite von Neumann algebra, and let τ be a normal semifinite faithful trace on M. Then we have an isometric isomorphism
If ϕ is a state then h ϕ is positive, and on account of [8, Section 4.8] we have
where h it ϕ are unitaries in the algebra s(ϕ)M s(ϕ) (see [6] , [10] or [11] for a more thorough account of the theory of noncommutative L p -spaces). Now reasoning as in the proof of Theorem 3 we get ∈ Γ. We have on account of equality (1)
Thus we have obtained that
which on account of [8, Section 4.8] yields the equality
Analogously, putting
, we obtain that
By the chain rule and the formula for the inverse of the Connes cocycles we get
Since the states 
is a unitary group, which yields for all s, t ∈ R the equality
and thus
Consequently, the unitary groups {a it : t ∈ R} and {b it : t ∈ R} commute, which yields that a and b commute. (As a matter of fact this equality is valid in the general case irrespective of the abelianess of the algebra R.) Thus there exists a normal faithful conditional expectation from M onto R which implies that this algebra is atomic (since M was such). Now from [4, Theorem 12] it follows that Γ is broadcastable.
